LIPSCHITZNESS OF THE LEMPERT AND GREEN 

FUNCTIONS 



NIKOLAI NIKOLOV, PETER PFLUG AND PASCAL J. THOMAS 

Abstract. Necessary and sufficient conditions for Lipschitzness 
of the Lempert and Green functions are found in terms of their 
boundary behaviors. 



1. Introduction and results 

By D we denote the unit disc in C. Let D be a domain in C n . Recall 
first the definitions of the Lempert function and the Kobayashi-Royden 
pseudometric of D : 

l D (z, w) := inf{a G [0, 1) : 3ip G £>(D, D) : <p(0) = z, (p(a) = w}, 

k d (z; X) := inf{a > : 3(p G 0(D, D) : <p(0) = z, a<p'(0) = X}. 

We point out that both functions are upper semicontinuous and Id 
is symmetric. The Kobayashi-Buseman pseudometric kd(z', •) (the 
Kobayashi pseudodistance kn) is the largest pseudonorm (pseudodis- 
tance) which does not exceed Kd(z;-) (tanh -1 Ip). Note that if D is a 
taut domain, i.e., 0(B, D) is a normal family, then Kd and are the 
infinitesimal forms of In and hp, respectively (see [9], Theorem 1 for a 
more general result). Moreover, recall (cf. [7J, Proposition 3.2) that D 
is a taut domain if and only if 

lim ln(z,w) = 1 for any K <e D. 

z£K,w^dD 

(Note that for a unbounded D the point oo belongs, by definition, to 
3D.) 

The main result in [6] (see Theorem 6 there) is that kd is a locally 
Holder function of order 2/3 on any C 6 -smooth strongly pseudoconvex 
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domain D in C n (see also [5], where it is claimed that kd is locally 
Lipschitz but the proof there seems to be non correct). 

Our first goal in the present note is to generalize this result showing 
that Id and are Lipschitz functions under a natural assumption 
about the boundary behavior of Id- In fact we have the following result E 

Proposition 1. Let D C C n be a hyperbolic domain (i.e., ko is a 

distance) and K d D be such that sup - — — ^— — < oo. Then: 

zeK,w<=D <kst(w,dD) 

(i) Id is a Lipschitz function on K x D; 

(ii) there is a C > such that if z,w G K, X,Y G C n , then 

\k d {z] X) - k d (w; Y)\ < C((\\X\\ + ||F||) • \\z - w\\ + ||X - Y\\). 

Remark A. (a) By symmetry, Id is a Lipschitz function on D x K, 
too. On the other hand, lo is not a Lipschitz function on © x D. 

(b) For the Caratheodory-Reiffen pseudometric the same estimate as 
in (ii) remains true for any domain in C n (see [3], Proposition 2.5.1(c)). 

(c) Any compact subset of a strongly pseudoconvex domain satisfies 
the assumption of Proposition [1] (cf. [3], Theorem 10.2.1). 

(d) If D C C is a hyperbolic domain, K m D, L <s C n , and 

sup - — n ?^ Z, ^ V \ < oo, a G (0, 1), then obvious modifications in 
zGK,w€Ddist (w,dD) 

the proof of Proposition [Q imply that Id and kd are Holder functions 
with exponent qoe^xD and K xL, respectively. On the other hand, 
a cannot be taken larger than 1; one can show that for any domain 

DCp and any point z G D we have limsup > 0. 

W -> 9D &\st{w,dD) 

We point out that for a taut domain D the assumption of Proposition 

[T]is also necessary for Id to be a Lipschitz function. 

Corollary 2. Let D C C n be a taut domain and K d= D. Then 

zGK,w€D dlSt(w, (ID) 

K x D. 

To prove the Lipschitzness of kd under the assumption of Proposition 
[TJ we shall need the following result. 

Proposition 3. Let D C C n be a hyperbolic domain and let K d D, 
c > be such that 

\k d (z;X) - k d (w;X)\ < c\\X\\ ■ \\z - iy||, z,w G K, X G C n . 



^^Proofs for this and the next results will be presented in section 2. 
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Then there is a C > such that if z,w G K, X,Y G C" , then 
\k D (z; X) - k D (w; Y)\ < C((\\X\\ + \\Y ||) • \\z - w\\ + \\X -Y\\). 

The next corollary is an immediate consequence of Propositions [T] 
and [31 

Corollary 4. Let D C C n and K D be as in Proposition [IJ JTien 
t/iere is a C > suc/i £/iat if z,w £ K, X,Y £ C n , i/ien 

X) - y)| < C((\\X\\ + ||F||) • \\z - w\\ + \\X - Y\\). 

The second aim of our paper is to find a necessary and sufficient 
condition for the exponential of the pluricomplex Green function to be 
Lipschitz (similar to that for the Lempert function). 

Recall first the definitions of the pluricomplex Green function and 
the Azukawa pseudometric of a domain D in C™ : 



grj(z,w) := sup{u(w) : u G PSH(D),u < 

sup(w« 

->z 

g D (z,z + tX) 



limsup(w(C) - log ||C - z\\) < oo}, 



A D (z; X) := limsup • 



1*1 



where go '■= expgr>. We point out that both functions are upper semi- 
continuous (cf. |4j, page 10) and gr> < Id- Note also that, in general, 
go is not symmetric. 

Recall also that a domain D C C n is called hyperconvex if it has a 
negative plurisubharmonic exhaustion function. The next proposition 
is a consequence of the proof of Theorem 3.1 in [2] (see also pQ , Theorem 
2 for a weaker version). 

Proposition 5. Let D C C n be a bounded domain. Then the following 
conditions are equivalent: 

(i) there is u G PSH(D) with u < and inf u(z)/ dist(z, dD) > 

zdD 

— oo; 

(ii) D is hyperconvex and there are z G D and C > such that if 
and w\, W2 G D \ {z }, then 

I t \ ( w <rn ||«>i - wall 

\g D {z ,Wl) -gD{Z0,W 2 )\ <C r—r rp-J 

mm{||2;o - will, \\z - w 2 \\} 

(Hi) D is hyperconvex and for any K <e D there is a C > such that 
if z G K and W\,W2 G D\ {z}, then 

\g D (z, wi) - gD{z,w 2 )\ < C—r- — —. 

mm\ \\z - Will, \\z - w 2 \\ } 
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As a simple consequence we get the following result for g£>. 

Corollary 6. Let D and u be as in Proposition\B(i) and let K <e D. 

Then there is C > such that 

\g D (z,Wi) - g D (z,w 2 )\ < C\\w 1 - w 2 \\, z E K, w 1 ,w 2 E D. 

Remark B. Let D be a hyperconvex domain (not necessary bounded) 
and u be as in Proposition [5] (if D is bounded, then (i) implies that u 
is an exhaustion function of D and hence D is hyperconvex). Then, 
for an arbitrary K <e D, the assumptions of Proposition [1] are satisfied. 
Indeed, it follows from (jSJ) below that 

1 — Id(z, w) < 1 — 9d(z, w) < —gr>(z, w) < cdist(w, 3D), 

z E K, w E D, near 8D; 

hence the inequality in the assumption of Proposition [T] is fulfilled. It 
remains to use that Id > 9d and that D is hyperconvex. Hence D is 
taut (cf. [7j, page 607) and therefore hyperbolic. 

^From Corollary [6] we get that under the same assumptions go and 
Ad are Lipschitz functions (in both arguments). 

Proposition 7. Let D and u be as in Proposition\^i) and let K C D 
be compact. Then: 

(i) go is a Lipschitz function on K x D; 

(ii) there is a C > such that if z,w E K, X,Y E C n , then 

\A D (z; X) - A D (w; Y)\ < C((\\X\\ + ||Y||) • \\z - w\\ + \\X - Y\\). 

It remains an open question whether gr> is a Lipschitz function on 
D x K. 

Remark C. Let D C C" be a pseudoconvex balanced domain with 
Minkowski function ho- Recall that (cf. [3], Propositions 3.1.10 and 
4.2.7 (b)) 

h(0, ■) = «u(0; X) = g D (0, •) = A D {0; ■) = h D . 
Note also that (cf. [7], Proposition 4.4. 

D is taut <^ D is hyperconvex D is bounded and ho is continuous. 

By Corollary [2] or Corollary [HI for a taut balanced domain D the 
following are equivalent: 

(i) there is c > such that 1 — ho(z) < c ■ dist(^, dD), z E D; 

(ii) there is d > such that |/id(z) — ho{w)\ < d\\z — w\\, z,w E D. 
(Taking Hd(z) = \zx\ + \z 2 \ + \/\z\z 2 \ provides an example of a taut 

balanced domain DcC 2 which does not have the above properties.) 

We point out that {%) (ii) with c = d for any balanced domain D 
in C n . 
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Indeed, assume that (i) holds. Then for any z, w with 1 > Jid(z) > 
ho{w) we have 

hr,(z) — hr>{w) = hn{z){l — h£,{w/h£,{z))) < hr)(z)c-dist(w / Iid(z) , 3D) 

< h D (z)c\\w/h D (z) — z/h D (z)\\ — c\\z — w\\. 

Conversely, assume that (ii) is true. Fix a, z E D. If ||w|| < r z := 
(1 — h D (z))/c', then h D (z + u) < h D (z) + c'\\u\\ < 1, which shows that 
M n (z,r z ) C D. Hence dist(z, dD) > r z , that is, (i) holds with c = c'. 

2. Proofs 

Proof of Proposition^ The assumption of Proposition [1] means that 
there is a c > such that for any r e (0, 1) and if £ 0(3, D) with 
<f{0) £ K one has that 

c-d3St(<p(rB),dD) > l-r. 

Note that there is a c\ > such that 

Ci\\z — w\\ > Id(z, w), z £ K,w <E D. 

On the other hand, if D is unbounded, then, by hyperbolicity, m* = 
lim inf 2g ^ u ,^ 00 Id(z, w) > (use e.g. [7], Proposition 3.1). Fix a m £ 
(0, min{l/2, m*}). Then, again by hyperbolicity, we find a C2 > such 
that: 

Id(z,w) < m, z £ K, w £ D =3- Id(z,w) > C2\\z — w\\ 

(apply e.g. [3], Theorem 7.2.2; if D is bounded, the last inequality 
holds even on K x D with suitable C2 > 0; no other assumptions are 
needed in this situation). We may assume that c\ > 1 > C2- Set 
C3 = ci(l + c/{mc2)). To prove (i), it suffices to show that if 

(1) \Id(z, wx) - l D (z, w 2 )\ < c 3 ||wi - w 2 \\, z £ K,w t ,w 2 £ D, 

(2) \Id{wi,z) - Id(w 2 ,z)\ < 2c 3 ||wi - w 2 \\, Wi,w 2 £ K,z £ D. 

To prove ([1]), we may assume that a := Id(z, Wi) < Id(z,w 2 ) and 
z 7^ Then, by hyperbolicity, a > 0. Set r = 1 — c||wi — u> 2 ||/a. We 
shall consider three cases. 

Case 1. r > max{a,m}. Then for any a' £ (ct,r) there is </? £ 
£>(©,£>) with ^(0) = z and yj(a') = w t . Set V(C) = ^K) + O2 - 
Wi)rC/oi', (GD. Then £ 0(B, D) and ip(a'/r) = w 2 {a' < r). It 
follows that lrj(z,w 2 ) < a/r and hence 

h(z, w 2 ) - l D (z, Wt) < a(l -r)/r = 

c\\w 2 — W\\\/r < c\\w 2 — Wi\\/m < c 3 \\w 2 — Wi\\. 
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Case 2. a > max{r,m}. Then 

l D (z, w 2 ) - Id(z, Wi) <1 — a <l-r — 

c\\wi — w 2 \\/a < c\\wi — W2W/1TI < c 3 \\wi — w 2 \\- 
Case 3. m > max{r, a}. Then 
\\ w i — W2W = (1 — r)a/c > (1 — m)a/c > (1 — m)c 2 ||z — it?i ||/c, 

and, by the triangle inequality, \\z— W2W — (l + c /((l~ m ) c 2))||^i — u>2\\- 
Since m < 1/2, it follows that 

l D (z,w 2 ) - Id(z,Wi) < h(z,w 2 ) < ci\\z - w 2 \\ < c 3 ||wi - w 2 \\. 

This completes the proof of (fl]). 

The proof of t^j is similar to that of ([I]) and we sketch it. We 
may assume that < (3 := Id(wi,z) < Id(w 2 ,z) and then set s = 
1 — 2c||iui — w 2 \\//3. We get as above that: 

Case 1. If (5 > max{s, m}, then Id(w 2 ,z) — Id(wi,z) < 2c\\wi — 
W2W/P; 

Case 2. If m > maxjs, /?}, then lr>(w 2 , z) — lr>(wi, z) < Cs\\wi — w 2 \\. 

Case 3. In the remaining case s > max{/3, m}, for any (3' G s) 
we may find if G 0(H), D) with <p(0) = W\ and (f(P') = Z\. Set ip(() = 
(p(s() + (w 2 - u>i)(l - (G». Then $ G 0(B,£>), ^(0) = w 2 

and i()(P'/s) = z. It follows that Id(w 2 ,z) < (3 / s and hence 

Zd(w 2 , z) - Zd(wi, z) < 2c\\w 2 - wi\\ 

which completes the proof of (j2J). 

Next, we shall prove (ii). It is enough to show that 

(3) \k>d(z; X) — Kd(w; X)\ < 4cc^\\X\\ ■ \\z — w\\, 
and 

(4) \k d (z;X) - k d (z;Y)\ < c 5 \\X -Y\\, 

for any z, w G K, X, Y G C n , where c 4 := sup u6 ^ iii7||=i k d(w, U), C5 : = 
04(1 + 2c/ cq) and C6 := inf u6 K,||c/||=i Kd(v>] U) (eg > by hyperbolicity; 
cf. [3], Theorem 7.2.2). 

For proving ([3]), observe that 

\kd(z;X) — k d {w;X)\ < 2c 4 ||X||. 

So (J3J) is trivial if p = 1 — c\\z — w\\ < 1/2. Otherwise, we may assume 
that Kd(z; X) < k c (w; X). For any <p G (D, D) set V"(C) = V 9 (pC)+ m;— 2 ) 
C G D. Then ^ G 0(3,D) which shows that k d (w;X) < K D [z;X)/p. 
This implies with 2cc 4 instead of 4cc 4 . 

To get PI, we may assume that 7 = kc(z; X) < kd(z; Y) and 1^0. 
Then 7 > 0. For g = 1 — c||X — 3^||/-y we have two cases. 
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Case 1. q > 1/2. Let ip G 0(D,D) be such that ip(0) = z and 
7V(0) = X for some f. Set V(C) = ¥>(gC) + (Y - X)qC/j'. Then 
^ G £>(B,B) and tV'(O) = QY. It follows that /co^K) < j/q and 
hence 

Y) - /^(z; X) < 7 (1 - q)/q = c\\X - Y\\/q < c s \\X - Y\\. 

Case 2. q < 1/2. Then \\X - Y\\ = (1 - g) 7 /c > c 6 ||X||/(2c) and, by 
the triangle inequality, ||F|| < (1 + 2c/c 6 )||X — Y\\. It follows that 

K D (z;Y) - k d (z;X) < k d {z;Y) < c 4 \\Y\\ < c 5 \\X - Y\\. 

This completes the proof of Proposition [TJ □ 
Proof of Corollary By Proposition (TJ it is enough to show that if 

\l D (z,Wi) - Id(z,w 2 )\ < c||u>i - u> 2 ||, z G K, Wi,w 2 G D, 

then sup — — D ^ ' } < oo. Suppose this is not true. Then there 
zE K,weD dist{w , OD) 

are sequences (zj)j C K and (wj)j C D such that 

1 — Id(zj, Wj) > j dist (wj, 3D), j G N. 

Choose bj G 3D with \\wj — bj\\ = dist(wj, 3D) and sequences {bj t k)k C 
.D with — > bj if A; — > oo, j G N. Then 

1 - l D (zj, b j>k ) + l D (zj, b j>k ) - l D (zj, Wj) 



< 



< l-l D { Zj ,b jtk ) + Jwj -b jtk \\ <1 + 2c 
\\wj-bj\\ IK--&ill 
if k = kj is sufficiently large. Recall that D is taut, therefore such kj 
always exist. A contradiction. 

Proof of Proposition^ Since kr>(z; •) is a norm, it is enough to show 
that for any K <s D there is C > such that 

\k D (z; X) - k D (w; X)\ <C'\\X\\ ■ \\z-w\\, z,w G K,X G C n . 

We may assume that 2; 7^ w, X 7^ and kd(,z;X) < krj(w;X). Then 
there are vectors Xi, . . . , X 2n _i G C n with sum X such that (see [8], 
Theorem 1) 

2n-l 

Xj) < X) + ||X|| • \\z — w\\. 

3=1 

It follows that 

2n-l 

< kd{w; X) — kd{z; X) < (kd(/u;; Xj) — Kp(z; Xj)) + ||X|| • \\z— w\\ 

3=1 
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2n-l 

<\\z-w\\(\\X\\+cJ2\\XA\)- 

i=i 

It remains to use that Ylf^i 1 W-^jW — ~||^||) where C4 and cq are as in 
the proof of Proposition Q3 

Proof of Proposition^ (ii)=>- (i). Put u = go( z o, •) — 1 Since D is a 
hyperconvex domain, then lim^^^D = 0. Now a similar argument 
as in the proof of Corollary 2 implies that u has the required property. 

Since (iii)=^ (ii) is trivial, it remains to prove: 

(i) =>- (iii). Since u is an exhaustion function of D, it follows that D 
is hyperconvex. 

Fix a K d D. We shall show that if D is hyperconvex (not necessary 
bounded) and u is as in (i), then 

(5) liminf go(z, w)/ dist(z, 3D) > — 00. 

z£K,w^dD 

Indeed: Let u be an exhaustion function of D and u = max{«,«}. 
Then take a domain G\ C= D, K <e Gi, and put e = sup Gl w/2 < 0. 
Next we choose a domain G 2 <s -D, G\ (s G2, such that inf^ ft > e. 
Fix a z E K. Set ^(2, •) = log(|| • —z\\/ diamG 2 ), m = inf KxGl <p and 

ip(z, •) + m on G*i 

max{(p(z, ■) + m,mu/e} on G 2 \ Gi . 
mu/e on D \ G2 

It is easy to check that v z G PSH(D) for z & K. Hence <7d(z, •) > v z 
which implies (JSJ). 

Let now r > be such that B(a, r) C D for any z G K. For any 
£ G (0, r) we set 

g £ D (z,w) = sup{u(w) : u G PSH(D),u < 0,u\n{ Z)£ ) < log(e/r)}. 

One can easily check that g £ D (z, ■) is a maximal plurisubharmonic func- 
tion onD\ M(z, e) (cf. [3], page 383 for this notion), 

r , , , s / m «• / v maxjllz — lull. 

6 max{log(e/r), < (z,™) < log ^ ^ 

r 

and g £ D (z, •) j (70(2:, •) as e j locally uniformly in D \ {z} (cf. [2J, page 
338 and Proposition 2.2). Moreover, since .D is hyperconvex, g £ D can be 
extended as a continuous function on D x D by setting g e £>\ DxdD = 0. 

We shall find Ci,c 2 > such that if z G fT, u>i,u>2 G D \ {2;}, and 
£ > satisfy the inequality 

(7) max{e, Cx||iui — w 2 ||} < min{r/2, ||z — wi\\, \\z — w 2 ||}, 
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then 

/o\ I e i v e i \ i ■ Ikl - W 2 || 

(8) 0d(«,u>i) - g D (z,w 2 ) \< c 2 — UY 

mm{p - wi||, ||z - w 2 ||| 

Assuming (IE]), take arbitrary points Wi,w 2 E D \ {z}. To prove 
(iii), we may assume that g e D (z,wi) < g £ D (z,w 2 ), where e is as above. 
There is a semicircle with diameter [wiw 2 ], say 7 : [0, n] — > C n , 7(0) = 
iui,7(7r) = w 2 , such that dist(z, 7) = min{||^ — wi||, Hz — w 2 1| }• Let 
t' G (0, 1] be the largest number such that j(t) G D for t G (0,t'). If 
t' = 1, then an "integration along 7" gives 

et \ e ( \^ \\wi-w 2 \\ 

g D (z, w 2 ) - g D {z, wi) < nc 2 ^-- — 

mm{||z - wi||, ||z - w 2 ||} 

If t' < 1, then, 7(f) G 3D. Since 

!im g E D (z,w) = > g £ D (z,w 2 ) > g e D {z,w x ) 

w^oD 

and gfj is continuous, we way find a £* G [0,t') with g e D (z, j(t*)) = 
g e D (z,w 2 ). Then, similar as above, we get the same estimates. Letting 
e — ► gives the estimate in (iii) with C = ttc 2 . 

To prove (jSJ), we may assume that gf^z, wi) < g £ D (z,w 2 ). Let now 
/ = fz,w £ 0(D,B>) be an extremal function for the Carat heodory 
distance cd(z, w) (cf. [3J, page 16). We may assume that f(z) = 0. For 
z ^ w set h zw {C) = /(C)/ f( w )i ( ^ D. Then there are 01,03 > with 
(9) 

1 ? ^ tanhcz)(z,C) ||C - z\\ ^ c 3 

K^MO < 7 — r — 7 r < ci T . rr < j. jr, z G K,w G D\{z} 

tanh cd{z,w) \\w — z\\ \\w — z\\ 

(use that B(z, r)cDc E(z, R), z G K, for certain r, i?). Set 



fl' = {(GD:( + h z , Wl (C)(w 2 - wi) G D}, D" = D' \ M(z, e) 

and 

g(() = gF D (z, ( + (w 2 - w^h^iC)), C e £>'. 

It follows by © and © that B(*,e) <s B(z,r/2) ci £>' and w x G £>". 
On the other hand, by (|5J), there is a C4 > such that 

g D (z, C) > -C4 dist(C, 3D), CeD\ M(z, r/2). 

This, §6§ and ([9]) implies that 

min g £ D (z, () > min go{z, () > — c 4 max dist(£, 3D) > — C3C4- ^ ' 1 



Q&dD' ^ (£dD' (edD> \\Wi — Z\ 

Then for 
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we have that 

i- (f\^ 11^2 

On the other hand, for ( G dM(z,s), it follows by © and (jHj) that 

max{£, ||C + (w 2 -Wi)^ iWl (C)-2||} £ 
u(C) < log log- 

, + ||C+ (w 2 - wi)h z , m (() -z\\ ( ||w 2 -wi| 

— log < log 1 + Ci -i f/ 

£ \ ||Wi — z|| 

Since g e D (z, •) is a maximal plurisubharmonic function on D" and it 
is continuous on D" C D', the domination principle implies that 

\\Wi — z\\ 

where c 2 = max{ci, c 3 c 4 }. Applying this for ( = W\ gives (jHJ). □ 

Proof of Corollary^ Recall that there is a c' > such that <jto(z, u>) < 
c'||2 — ix7 1| , -2 G K,w G -D. Therefore, we may assume that w±,w 2 ^ z 
and || z — w 2 || < ||z — Two cases are possible. 

Case 1. \gn(z,wi) — gc(z,W2)\ < 1. Then 

— px>(^, w 2 )| = <fo(z,w 2 )|e^(0i>(s,tt>i) -gD(z,w 2 )) - 1| 

< (e - l)c'\\z - w 2 \\.\g D (z,w 1 ) - g D (z,w 2 )\ < (e - l)c'C||wi - w 2 ||, 

where C is the constant from Proposition [51 

Case 2. (^(z, it?i) — w 2 )| > 1. Then, by Proposition 5, 

C\\w\ — w 2 \\ > \\z — W 2 \\ > \\z — U»i|| — || Wi — w 2 || 

and hence (C + 1) || Wi — w 2 \\ > \\z — Wi\\. It follows that 

\g D {z,w 1 ) - g D (z,w 2 )\ < m&x{g D (z,Wi),g D (z,w 2 )} 

< c'\\z-wi\\ < c'(C + l)\\w 1 -w 2 \\. 

□ 

Proof of Proposition [7| By (J3J) , we may find c > such that if 
D Z)£ = {ueD : g D (z, u) < e}, 2, G AT, e G (0, 1), 

then 

&st{D Zj£ ,dD) > c(l -e). 
First, we shall prove (i). In virtue of Corollary [6j it is enough to find 
a C\ > such that 

(10) \9d{z\, w) ~ 9d{z2,w)\ < c 1 \\z 1 - z 2 \\, z 1 ,z 2 eK,weD. 

We may assume that A is the closure of a smooth domain. Then there 
is a c 2 > such that for any zi, z 2 there is a smooth curve 7 in A joining 
Z\ and z 2 with £(7) < c 2 1 1 ^1 — 2 2 ||- Set e = e Zl>Z2 — 1 — ||zi — 2 2 ||/c. 
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Then, by "integration along 7", it suffices to prove ( ITUl) . fixing w and 
assuming that 1 — \\z 1 — z 2 \\/c > sup 2gK - go( z , w). Since w G D Zu£ and 

D D D = {z + z 2 - z x : z G D Zli£ }, 

then 

g D (zi,w) = eg DziE (zi,w) = eg £ ,(z 2 ,w + z 2 - z x ) > ()d{z 2 ,w + z 2 - z x ) 
(cf. [10], Lemma 4.2.7, for the first equality). Hence 

g D {z 2 , w) - g D {zi,w) < g D {z 2 , w) - eg D (z 2 , w + z 2 - z x ) 

< C\\z 2 - Zl \\ + (1 - e) = (C + l/c)||z 2 - ZiU, 
where C is the constant from Corollary By symmetry, 

g D (zi,w) - g D {z 2 ,w) < (C + l/c)\\z 2 - zt\\ 

which implies ( TTUj) . 

To prove (ii), it is enough to show that: 

• there is a C3 > such that for any X, Y G C n , 

(11) \A D (z; X) - A D (z; Y)\ < c 3 \\X - Y\\; 

• if C4 = max 2e x,||z||=i Ad(z; Z), then 

(12) \A D {z 1 ;X)-A D {z 2 ;X)\<c i \\X\\.\\z-w\\/c 

for any z 1( z 2 G K with e = e zl)Z2 > and any X G C™. 
Observe that fllip follows by choosing C3 such that 

\g D {z, wx) -g D (z,w 2 )\ < c 3 ||wi -iw 2 ||, z G K,w u w 2 G £> 

and using that hyperconvexity implies 

^;X) = lim^'f, + tX) . 

To show ( jT2j) . we may assume that Ad(zi, X) < Ab{z 2 \ Y). Since 
A D ( Zl ; X) = eA DzuE ( Zl ; X) = eA D (z 2 ; X) > eA D (z 2 ; X) 
(cf. [10], Lemma 4.2.7, for the first equality), then 

< A D {z 2 - X) - A D (z i; X) < (1 - e)A D {z 2 - X) 
which implies ( IT2l) . □ 
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